The complexity of string partitioning

Anne Condon?, Jan Mainuch®? !, Chris Thachuk®?

%Dept. of Computer Science, University of British Columbia, Vancouver BC, Canada
bDept. of Mathematics, Simon Fraser University, Burnaby BC, Canada
¢Dept. Computer Science, University of Ozxford, Ozford, UK

Abstract

Given a string w over a finite alphabet % and an integer K, can w be partitioned
into strings of length at most K, such that there are no collisions? We refer
to this question as the string partition problem and show it is NP-complete
for various definitions of collision and for a number of interesting restrictions
including |X| = 2. This establishes the hardness of an important problem in
contemporary synthetic biology, namely, oligo design for gene synthesis.
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1. Introduction

Many problems in genomics have been solved by the application of elegant
polynomial-time string algorithms, while others amount to solving known NP-
complete problems; for instance, sequence assembly amounts to solving shortest
common superstring [1], and genome rearrangement to sorting strings by re-
versals and transpositions [2]. The hardness of these problems has motivated
extensive research into heuristic algorithms as well as polynomial-time algo-
rithms for useful restrictions [3, 4, 5, 6, 7, 8, 9]. In a similar vein, we establish
the hardness of the following fundamental question: can a string be partitioned
into factors (i.e. substrings), of bounded length, such that no two collide? We
refer to this as the string partition problem and study it under various restric-
tions and definitions of what it means for two factors to collide.

The study of string partitioning is motivated by an increasingly important
problem arising in contemporary synthetic biology, namely gene synthesis. This
technology is emerging as an important tool for a number of purposes including
the determination of RNAI targeting specificity of a particular gene [10], design
of novel proteins [11] and the construction of complete bacterial genomes [12].
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Figure 1: An intended self-assembly (top) of a set of oligos — short strands of DNA, labeled
a through h — for a desired DNA duplex. A foiled self-assembly (bottom) of the same oligos
due to d and h being identical.

There have been numerous studies utilizing synthetic genes to determine the
potential of gene vaccines [13, 14, 15, 16]. Despite the tremendous need for
synthetic genes for both interrogative studies and for therapeutics, construction
of genes, or any long DNA or RNA sequence, is not a trivial matter. Current
technology can only produce short oligonucleotides (oligos) accurately. As such,
a common approach is to design a set of oligos — short sequences of nucleic
acids — that could assemble into the desired sequence [17].

To understand the connection between string partitioning and gene synthe-
sis, consider the following. A DNA oligo, or strand is a string over the four
letter alphabet {A,C,G,T}. The reverse complement F’ of an oligo F is deter-
mined from F' by replacing each A with a T and vice versa, each C with a G and
vice versa, and reversing the resulting string. Two DNA oligos F' and F’ are
said to hybridize if a sufficiently long factor of F' is the reverse complement of
a factor of F’ (see Figure 1). A DNA duplex consists of a positive strand and
its reverse complement, the negative strand. The collision-aware oligo design
for gene synthesis (CA-ODGS) problem is to determine cut points in the pos-
itive and negative strands, which demarcate the oligos to be synthesized, such
that the resulting design will successfully self-assemble. For the oligos to self-
assemble correctly, they should 1) alternate between the positive and negative
strands, with some overlap between successive oligos, and 2) only hybridize to
the oligos they overlap with by design. Since there is variability in the length
of the selected oligos, there are exponentially many designs.

In previous work [18], the authors provided some evidence that the CA-
ODGS problem may be hard by showing that partitioning a string into factors,
of bounded length, such that no two are equal is NP-complete, even for strings
over a quaternary alphabet. See Figure 1 for an example design that assembles
incorrectly into two fragments, with the wrong ordering of oligos and therefore
primary sequence, due to identical oligos. In this work, we study the underlying
string partition problem in much greater detail. We show that partitioning
strings such that no selected string is a copy/factor/prefix&suffix/prefix/suffix
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Figure 2: (Left) Two partitions are shown for the string mississippi. The selected strings in
both partitions have maximum length 2. The partition shown above the string is factor-free:
no selected string is a factor of another; however, the partition shown below the string is not
factor-free. (Right) A valid factor-free multiple string partition of a set of three strings into
selected strings of maximum length 3.

of another is NP-complete. We begin by showing that the more general problem
of partitioning a set of strings is hard and then we show how those instances can
be reduced to single string instances, for each respective definition of collision.
See Figure 2 for an example of a single string instance (left) and set of strings
instance (right). In all cases, we demonstrate that the problems remain hard
even when restricted to binary strings. A preliminary version of this work with
the proofs for the equality-free case has appeared in [19].

2. Preliminaries

A string w is a sequence of letters over an alphabet 3. Let |w| denote the
length of w, w® a mirror image (reversal) of w, and let (w)® denote the string
w repeated ¢ times. The empty string is denoted as €. String x is a factor
of w if w = axf, for some (possibly empty) strings « and S. Similarly, x is
a prefiz (suffiz) of w if w = zf (w = ax) for some (possibly empty) strings
a and 8. The prefix (suffix) of length k of w will be denoted as prefix; (w)
(suffixy (w)). Similarly, let factor; ;(w) denote the factor of w of length j — ¢
starting at position 7. Note that prefix;(w) = factor; ;41 (w).

A K-partition of w is a sequence P = py,po, ..., p;, for some [, where each p;
is a string over X of length at most K and w = p1ps...p;. We say that strings
D1, - .., are selected in the K-partition and that strings p;...p;, 1 <@ < j </,
are super-selected, with respect to the selected strings. We say P is equality-free,
prefiz-free, suffix-free, prefixéssuffiz-free or factor-free if for all 4,7, 1 <i # j <1,
neither p; nor p; is a copy, prefix, suffix, prefix or suffix, or factor, respectively,
of the other. We say such partitions are valid (for the problem in question);
otherwise, we say the partition contains a collision. We generalize the notion
of a K-partition to a set of strings VW to mean a K-partition for each string
in W. The length of W is the combined length of the strings in the set and
will be denoted by |W||. A K-partition for a set of strings is valid if no two
elements in any, possibly different, partition collide. Finally, we will refer to the
boundaries of a partition of string w as cut points, where the first cut point 0
and the last cut point |w| are called trivial. For instance, the first partition of
mississippi in Figure 2 has the following non-trivial cut points 1,3,5,7 and 9.
We say that a partition P is a refinement of partition P’ if the set of cut points
of P is a superset of the set of cut points of P’, i.e., if every string selected in
P’ is super-selected in P.
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Figure 3: Chain of reductions for different string partition variations from original 3SAT(3)
problem. K is maximum selected string size and L is maximum alphabet size. Parameters are
unbounded if not shown. EF, FF, PSF and PF are equality-free, factor-free, prefix&suffix-
free and prefix(suffix)-free, respectively.

In what follows we will prove NP-completeness of various string partition-
ing problems by showing a polynomial reduction from an arbitrary instance of
3SAT(3), a problem shown to be NP-complete by Papadimitriou [20].

Problem 1 (3SAT(3)).
Instance: A formula ¢ with a set C' of clauses over a set X of variables in
conjunctive normal form such that:
1. every clause contains two or three literals,
2. each variable occurs in exactly three clauses, once negated and twice pos-
itive.

Question: Is ¢ satisfiable?

3. The String Partition Problems

For each X : X in {equality : E, prefix&suffix : PS, prefix(suffix) : P, factor :
F}, we will consider two string partition problems.

Problem 2 (X-Free Multiple String Partition (X’F-MSP) Problem).

Instance: Finite alphabet ¥ of size L, a positive integer K, and a set of strings
W in ¥*.
Question: Is there an X-free, K-partition P of W?

Problem 3 (X-Free String Partition (X'F-SP) Problem).

Instance: Finite alphabet X of size L, a positive integer K, and a string w in
.

Question: Is there an X-free, K-partition P of w?



We will show NP-completeness of all these problems even when restricted to
the constant size of the partition (K = 2,3), or to the binary alphabet (L = 2).
See Figure 3 showing the chain of reductions used to prove the complexity of
the four variations and related restrictions of the problem.

4. Equality-Free String Partition Problems

In this section, we will show NP-completeness of Equality-Free String Parti-
tion problems even when restricted to the constant size of the partition (K = 2),
or to the binary alphabet (L = 2).

4.1. Equality-Free Multiple String Partition with Unbounded Alphabet

We now describe a polynomial reduction from 3SAT(3) to EF-MSP with
K = 2 and unbounded alphabet. Let ¢ be an instance of 3SAT(3), with set
C ={c1,...,cm} of clauses, and set X = {z1,...,z,} of variables. We shall
define an alphabet ¥ and construct a set of strings W in ¥*, such that W has a
collision-free 2-partition if and only if ¢ is satisfiable. Let |¢;| denote the number
of literals contained in the clause ¢; and let ¢}, ..., cLCil be the literals of clause
C;.

We construct W to be a union of three types of strings: clause strings (C),
enforcer strings (£) and forbidden strings (F). First, for each clause of ¢, we cre-
ate a clause string C' such that an equality-free 2-partition of C unambiguously
selects exactly one literal from C. We refer to the selected strings correspond-
ing to literals as selected literals. Intuitively, the selected literals of the clause
strings are intended to be a satisfying truth assignment for the variables of ¢.
Second, for each variable we create an enforcer string to ensure that selected
literals are consistent. Specifically, the enforcer strings ensure that a positive
and a negative literal for the same variable cannot be simultaneously selected.
Finally, we find it helpful to create so called forbidden strings that ensure certain
strings cannot be selected in the clause and enforcer strings.

We construct an alphabet ¥, which includes a letter for each literal occur-
rence in the clauses, one letter for each variable, and the letters B and H used
as delimiters, as follows:

Y ={i; € X}U{&;  €eCNT1<j<|q}u{B,B}.

Note that |X| is linear in the size of the 3SAT(3) problem ¢ (at most n +
3m+2).

Construction of forbidden strings. To ensure that certain strings cannot be
selected in C or £, we will use the following set of forbidden strings 7 = {H, H}.

Observation 1. No string from the forbidden set F can be selected in C or £.
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Figure 4: The 2-literal clause string (left) and 3-literal clause string (right) used in the reduc-
tion from 3SAT(3) to EF-MSP. Shown below each string are all valid 2-partitions. Selected
literals of a partition are shown in black.
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Figure 5: All possible 2-partitions are shown for the enforcer string of a variable x, having
two positive literals cf and c‘;, and one negative literal cj. In each partition, either & is

selected or both éf and é? are which guarantees that letters for positive and negated literals
of z, cannot be simultaneously selected in C.

Construction of clause strings. For each clause ¢; € C, construct the i-th clause
string to be ¢} Bé? if |¢;| =2, and ¢f Be? Bé3 if [¢;| = 3.

Lemma 1. Given that no string from the forbidden set F is selected in C,
exactly one literal letter must be selected for each clause string in any equality-
free 2-partition of C.

Proor. Consider the clause string for clause ¢;. Whether ¢; has two or three
literals, the forbidden substring B cannot be selected alone. Therefore, each B
must be selected with an adjacent literal letter. This leaves exactly one other
literal letter which must be selected (see Figure 4). O

Construction of enforcer strings. We must now ensure that no literal of ¢ that
is selected in C is the negation of another selected literal. By definition of
3SAT(3), each variable appears exactly three times: twice positive and once
negated. Let ¢! and cg be the two positive and ¢}, the negated occurrences of
a variable x,. Then construct the enforcer string for this variable as follows
B e, ¢z, el B é?-.

Lemma 2. Given that no string from the forbidden set F is selected in CUE,
any equality-free 2-partition of C U E must be consistent. In addition, for any
consistent choice of selecting letters for literals in C, there is an equality-free
2-partition of CUE U F.

PRrROOF. Consider the enforcer string for variable z, with positive literals ¢ =
c?- = z,, and the negated literal ¢ = —z,. Figure 5 shows all 9 possible 2-

partitions of the enforcer string (since H is a forbidden string, each B must be



selected with an adjacent letter). It follows that in each of them either ¢} is
selected or both ¢ and ¢] are. In the first case, ¢, cannot be selected in C and
thus satisfied literals are chosen consistently for x,. In the second case, letters
for neither of the positive occurrences of x, can be selected in C.

To show the second part of the claim, observe that there is a 2-partition of
the enforcer string compatible with any of four valid combinations of selecting
letters for the corresponding literals in C (for example, by choosing the fifth or
the last 2-partitions in Figure 5). Since enforcer strings share only one letter in
common, namely, B, which is never selected in the enforcer strings, there are no
collisions between 2-partitions of all enforcer strings. Furthermore, there are no
collisions between strings selected in C and in &: strings of length two selected
in C contain the letter H, which does not appear in the enforcer strings; strings
of length one are literals and the partitioning of enforcer strings was chosen in
a way that literals (in C) cannot be selected again in £. O

This completes the reduction. Notice that the reduction is polynomial as
the combined length of the constructed set of strings W = CUE U F is at most
5m + 9n + 2.

Theorem 1. Equality-Free Multiple String Partition (EF-MSP) is NP-complete
for partition size K = 2.

PROOF. It is easy to see that EF-MSP Problem is in NP: a nondeterministic
algorithm needs only guess a partition P where |p;| < K for all p;, in P and
check in polynomial time that no two strings in P are equal. Furthermore, it is
clear that an arbitrary instance ¢ of 3SAT(3) can be reduced to an instance of
EF-MSP, specified by a set of strings W = C U £ U F, in polynomial time and
space by the reduction detailed above.

Now suppose there is a satisfying truth assignment for ¢. Simply select one
corresponding true literal per clause in C. The construction of clause strings
guarantees that a 2-partition of the rest of each clause string is possible. Also,
since a satisfying truth assignment for ¢ cannot assign truth values to opposite
literals, then Lemma 2 guarantees that a valid partition of the enforcer strings is
possible which does not conflict with the clause strings. Therefore, there exists
an equality-free multiple string partition of W.

Likewise, consider an equality-free multiple string partition of WW. Lemma
1 ensures that at least one literal per clause is selected. Furthermore, Lemma
2 guarantees that if there is no collision, then no two selected variables in the
clauses are negations of each other. Therefore, this must correspond to a satis-
fying truth assignment for ¢ (if none of the three literals of a variable is selected
in the partition of C then this variable can have arbitrary value in the truth
assignment without affecting satisfiability of ¢). O

4.2. Equality-Free String Partition with Unbounded Alphabet

The result of the previous subsection can be easily extended for a single
string by concatenating the multiple strings in a way that guarantees that each
original string is super-selected.



Theorem 2. Equality-Free String Partition (EF-SP) is NP-complete for par-
titton size K = 2.

PrOOF. To show that EF-SP Problem for K = 2 is NP-complete, we will
reduce EF-MSP Problem for K = 2 to it. Consider an arbitrary instance I
of EF-MSP having a set of strings W = {wy,wa,...,w;} over alphabet X, and
maximum partition size K’ = 2. We construct an instance I of EF-SP as follows.
Let ¥ = {0} U {d;, for 1 <i < £}, where X N'Y = . Set the alphabet of I to
$ = YUY and the maximum partition size to K = 2. Note that [S| = |X| + £.
Finally, construct the string

w=0HHHE E|w1d1 L] Dd1w2d2 L] Ddz e de,1 ] Dd5711U[ .

The prefix of w of length five can be partitioned in two different ways each
selecting [1. Consequently, in any 2-partition of w, remaining occurrences of [
must be selected together with an adjacent letter different from [, i.e., all strings
d;[J and [ld; must be selected. Therefore, any 2-partition of w contains a 2-
partition of W and the strings D = {{J, 00, 08, d1 3, Edy, . . ., de—1 5, Ddp—_1 }.
On the other hand, since all strings in D contain [ ¢ ¥, any 2-partition of @
together with D forms a 2-partition of W. It follows that there is a 2-partition
of W if and only if there is a 2-partition of w. The reduction is in polynomial
time and space as || = |W|| + 4¢ + 1. O

4.8. Equality-Free Multiple String Partition with Binary Alphabet

We will now encode all strings by mapping letters of unbounded alphabet
to binary strings of length ¢ > log, |X|. In addition, we will add a large set of
forbidden strings that will guarantee that there are no cut points inside these
coding binary strings.

Theorem 3. The EF-MSP with maximum partition size K = 2 can be poly-
nomially reduced to the EF-MSP Problem with the alphabet size L = 2. Con-
sequently, the EF-MSP is NP-complete for binary alphabet. In addition, this
reduction satisfies the following property: for any set C' containing n distinct
binary strings of length &, where n is the size of the alphabet of the EF-MSP
with mazimum partition size K = 2 and § > logyn, every selected string in a
valid partition (if it exists) of the EF-MSP with the binary alphabet is a prefiz
of a string in C?, and its maximum partition size is K = 2.

Proor. We will show a reduction from the EF-MSP with maximum partition
size K = 2. Consider an arbitrary instance I of EF-MSP having a set of strings
W = {wy,wa, ..., we} over alphabet ¥ = {aq,...,a,}, and maximum partition
size K = 2. We will construct an instance I of EF-MSP over binary alphabet
¥ = {0,1}. Let & be any number greater or equal to log, n. Let C = {c1,...,¢,}
be a set of any distinct binary codewords of length §. We set K to 25. Let h be
a homomorphism from ¥ to C such that h(a;) = ¢;, for every i = 1,...,n. The
set of strings of I will contain h(W), i.e., the original strings in YW mapped by
h to the binary alphabet ¥. However, we need to guarantee that the partition



of strings in A(VW) does not contain fragments of codewords. For this reason,
we also add to W the following strings:

Wz{preﬁxi(c); ceCii=1,...,0 -1} U
{prefix;(cd); c,d€ Cyi=6+1,...,26 — 1}

We set W= h(W)UW. ) )
~ First, consider a valid 2-partition P of W. We construct a K-partition P of
W as follows. For each string s selected in P, we select the corresponding h(s) in

P. For each string t € )7\/\, we select ¢ entirely. Note that strings selected from
h(W) have length either § or 24, while strings selected from W have lengths
different from § and 20. Therefore, there cannot be any collisions between these
two groups of selected strings. Furthermore, there are no collisions in the first
group, since there were no collisions in P. Obviously, there are no collisions in
the second group of selected strings. It follows that P is a valid K-partition of
W.

Conversely, consider a valid K-partition P of W. First, we will show that
all strings in W are selected without non-trivial cut points. We will prove that
by induction on the length 7 of strings. The base case, i = 1, is trivially true, as
one-letter strings cannot be partitioned into shorter strings. Now, assume the
claim is true for all strings in WV of lengths smaller than i < 2§ and different
from 4. Consider a string u € W of length i. Assume that w is partitioned into
strings u1, ..., us, where ¢ > 2. Note that the length of u; is smaller than 7. If
the length of u; is different from §, we have a collision, as u; € W and by the
induction hypothesis, it was selected without non-trivial cut points. Assume
that the length of uq is 6. Then us is a prefix of a codeword of length smaller
than min{d, 4}, and we have a collision again as in the previous case. It follows
that t = 1, i.e., u is selected without non-trivial cut points in P. Second, we
show that all strings selected in the partition of strings in h(WV) have lengths
either & or 2§. Assume that this is not the case for some string s € h(W).
Note that s = ¢;,¢i, ... ¢;,, for some indices 41,...,4,. Let s = s1...54 be the
partition of s and let j be the smallest j such that the length of s; is not § or
20. Then s1...5j_1 = ¢;, ...¢;,, for some r < p. Consequently, s; is a prefix of
Cipi1Cipsgs 1-€., 85 € W, and we have a collision, since s; was already selected in
partition of W. Hence, each string in h(W) is partitioned into strings of lengths
either § or 26, which can be easily mapped to a valid 2-partition of W.

It follows that there is a 2-partition of W if and only if there is K-partition
of W and that the reduction satisfies the property described in the claim.

Finally, let us check that the reduction is polynomial. The size of h(W) is
IW| and the length of h(W) is &|[W||. The size of W—the set of all unique
prefixes for codewords of length less than §, and all unique prefixes of pairs of
adjacent codewords with length greater than ¢ and less than 20—is at most
(n?4+n)(6 — 1) as there are n codewords in total. Therefore, the length of W is
atmost n-(1+---4+86—1)+n?- (§+1+54+2+---+25—1) = (3n®+n)(6—1)§/2.
Since § can be chosen to be ©(logn), the size of W is polynomial in the size of
W and the size of the original alphabet 3. O



4.4. Equality-Free String Partition with Binary Alphabet

The following final reduction to a single string requires a quite technical set
of delimiter strings.

Theorem 4. Equality-Free String Partition (EF-SP) is NP-complete for bi-
nary alphabet (L = 2).

ProoFr. We will show a reduction from the EF-MSP Problem with the binary
alphabet (L = 2) satisfying properties listed in Theorem 3. Consider an instance
I of EF-MSP having a set of strings W = {w1, wa, ..., wy} over alphabet ¥ =
{0, 1}, and maximum partition size K = 2§ such that all selected strings in any
valid K-partition are prefixes of the elements of a set C2?, where C' contains
n distinct strings of length § each starting with 0, £ < (n? 4+ n)(6 — 1), and
0 > max(9,3logy(n 4+ 1)). By Theorem 3, this instance can be polynomially
reduced to an instance of the EF-MSP with maximum partition size K = 2.
We will construct an instance I of EF-SP over binary alphabet ¥ = {0, 1} with
the same partition size K = 25. We will show that the size of I is polynomial
in the size of I, and hence, it will follow by Theorems 1 and 3, that the EF-SP
Problem is NP-complete.

To construct the string w we will interleave strings wy, . . ., wy with delimiters
di,...,d¢_1 defined in a moment as follows:

W = widiwadows . .. dg_qwy .

To define the delimiter strings, we will need the following functions. Let bin :
N — {0,1}* be a function mapping a positive integer to its standard binary
representation without the leading one. For example bin(1) = ¢, bin(2) = 0 and
bin(10) = 010. Next, the functions pad; : {0,1}* — {0,1}* will pad a given
string with ¢ — 1 ones and one zero on the left, i.e., pad,;(s) = (1)*"!0s. We
will refer to strings returned by these functions as padded strings. The function
chain : {0,1}* — {0,1}* maps a string s with 7 trailing zeros, i.e., s = s'(0)?,
where s’ is either the empty string or a string ending with 1, to the following
concatenation of padded strings and mirror images (reversals) of padded strings:

chain(s) = pady_ | (s) pad e (s) padz_ | (s") pad g _ 1 (s'0) padig_ | (s'0)
-.padg 4 (s'(0) ") padiy_ |4 (s'(0)" 1) padge 4 (s) .-

Finally, we set the delimiter d; to chain(bin(j)), for every j > 1. For j =1, we
set dy to 0(1)K~1(1)KE-1/2(1)K=10. To illustrate this definition, let us list
the first five delimiter strings:

di = O(l)Kil(l)K(Kfl)/Z( )K—10

dy = chain(0) = 00(1)" ~2(1)¥~200(1)" ~(1)* 200

ds = chain(1) = 10(1)%~2(1)X 201

dy = chain(00) = 000(1)%=3(1)X=300(1)%—2(1)%~20000(1) % —3(1) X 2000
ds = chain(01) = 100(1)%=3(1)%=3001

10



Now, consider a valid K-partition P of W. We construct a K-partition P
of w as follows. Each substring w; is partitioned in the same way as in P.
Each delimiter d;, where j > 1, is partitioned to its padded strings and mirror
images of padded strings. In addition, the delimiter d; is partitioned into one
mirror image of a padded string, strings (1), (1)?,...,(1)X in any order, and
one padded string. Note that all strings selected in w;’s are prefixes of C?,
and since each ¢ € C has length § = K/2 and starts with 0, all these selected
strings start with 0 and the longest run of 1 they contain has length at most
d—1. Hence, they cannot collide with strings (1), (1)?,..., (1) and with padded
strings which all start with 1. To show they do not collide with mirror images
of padded strings, we will show that each padded string (or its mirror image)
contains a run of at least § ones. By the definition of functions pad;, each
padded string or its mirror image selected in a delimiter d; contains a substring
(1)K=1Pin(d)I=1 i e a run of K — ([logyj] —1) — 1 = K — [log, 5] ones. Since
j < €< (n?+n)(§—1), it is enough to show that log,[(n? + n)(§ — 1)] < 6.
This follows from the fact that 6 > 2log,(n + 1) + /3 and /3 > log, (6 — 1)
for 6 > 9. Finally, we need to show that all selected padded strings and their
mirror images are distinct. Note that each selected padded string starts with
at least § ones and contains at least one zero, hence, it cannot be equal to a
selected mirror image of padded string. Hence, it is enough to show that two
delimiter d; and d;/, where 7,7’ < ¢ do not contain the same padded string or
its mirror image. Without loss of generality, let us only consider the padded
strings. If bin(j) and bin(j’) have different lengths then the padded strings of
d; and djr start with (1)KX-1Pn@)=10 and (1)KX-1P2G1-10  hence they cannot
be equal. Therefore, assume they have the same length. Let s (respectively, s')
be the prefix of bin(j) (respectively, bin(;’)) without the trailing zeros. Clearly,
s # s'. Now, the padded strings from d; and d;: are the same only if s0' = s'0"
for some ¢ and ¢'. However, since both s and s’ end with one or one of them is
the empty string, we must have i = ¢/, and hence also s = s’, a contradiction.
Since the K-partition P of W was valid, it follows that the K-partition of w is
also valid.

Conversely, consider a valid K-partition P of w. It is enough to show that P
super-selects each delimiter in w. We will show by induction on j that delimiters
dy,...,d; are super-selected and furthermore, that each of these delimiters is
partitioned into its padded strings and mirror images of padded strings. For
the base case j = 1, it is easy to see that P must select string 0(1)%~!, then
strings (1),...,(1)® in any order and string (1)%710, and thus d; is super-
selected in P and its padded string and its mirror image of a padded string are
selected. Next, assume that the induction hypothesis is satisfied for delimiters
dy,...,d;—1. Consider delimiter string d;. First, we will show that d; contains
cut points in P shown by symbols “-” below:

padj_ |, (s) - padg_|4(s") padic_ | (s") - pad e (s'0) padiy_ | (s'0)-
—opadg 4 (s'(0) ) padie |4 (s(0)"71) - padg_|4((s) s

where s = bin(j) and s’ is the prefix of s without the trailing zeros and
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is the number of trailing zeros. Note that each symbol “” is preceded and
followed by K — |bin(j)| — 1 ones. Since | bin(j)| < § — 1, we have a run of at
least K = 2§ ones, thus this run must contain a cut point. By contradiction
assume that there is a cut point before the position marked by symbol “” in
this run of ones. Then the selected string starting at this cut point is in the
form (1)X~%=10u, where i < |bin(j)| and |u| < i. Note that u might be the
empty string and the selected string must contain the zero preceding w since
all strings consisting only of ones are already selected in dy. Let v = u(O)i_M.
Since |v| =i < | bin(j)|, we have v = bin(j'), where j° < j. The delimiter string
djr contains pad_,;(u) = (1)X~10u, which by the induction hypothesis has
been already selected. Analogously, we arrive into a contradiction, if there is a
cut point after “.” in the run of ones surrounding the letter “”. It follows that
there is a cut point at each symbol “” above in P.
Next, we show that each of super-selected strings of d;:

padK—|s|(5/) Pad?(—m(sl)’ . 7padK—\s|(S/(O)i71) Padl;{(—m(sl(o)i*l) )

has a cut point exactly in the middle. The length of each padded string or of
its mirror image is at least K — |s| and since |bin(j)| < é — 1, this length is at
least 6 + 1. Hence, there has to be at least one cut point in each of the above
super-selected strings in P. We will first prove the claim for the first super-
selected string pad 4 (s") pad%7|s‘(s'). By contradiction, and without loss of
generality, assume that there is a cut point inside padx_|,(s’) = (1)K=IsI=104".
Thus a string in the form (1)X~11=10u, where u is a proper prefix of &', is
selected in P. Consider string v = u(0)/*I=1*l. Obviously, |v| = |s| and v is
lexicographically smaller than s, and thus bin(j') = v for some j* < j. By
the induction hypothesis, string pady_,(u) = (1)%=15I=10y has been already
selected in d;/, a contradiction. It follows by straightforward induction on :
that the remaining super-selected strings are partitioned exactly in the middle.
Finally, observe that if there is a cut point inside pad K7|S‘(s) then either one
of the padded strings of d; or one of the padded strings of d; described above
is selected again. Similarly, there cannot be any cut point inside pale(fM(s).
Since the length of these two strings is exactly K, there has to be a cut point
just after pad | (s) and just before padIR<7|s‘ (s), i.e., d; is super-selected. This
completes the induction proof, and we have that all delimiter strings in w are
super-selected by P, and thus P gives us also a partition of the set W.

It follows that there is a K-partition of W if and only if there is K-partition
of w. Finally, let us check that the reduction is polynomial. The length of
each padded string or its mirror image is at most K. The length of d; is
K(K + 3)/2 < K?. String bin(j) for 1 < j < ¢ has length at most 6§ — 1,
and hence each d; contains at most 26 = K padded strings and mirror images
of padded strings. Hence, |d;| < K?. Thus, the total length of w is at most
W + (K2 O
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#2 0 3 1<v<n
Figure 6: The set of forbidden strings, F, used in the reduction from 3SAT(3) to FF-MSP.

&g 0 & & & o0 & 63“0 & 8

Figure 7: The 2-literal clause string (left) and 3-literal clause string (right) used in the re-
duction from 3SAT(3) to FF-MSP. Shown below each string are all valid partitions. Selected
literals for a partition are shown in black.

5. Factor-Free String Partition Problems

In this section, we will show NP-completeness of Factor-Free String Partition
problems even when restricted to the constant size of the partition (K = 3), or
to the binary alphabet (L = 2).

5.1. Factor-Free Multiple String Partition with Unbounded Alphabet

Let ¢ be an instance of 3SAT(3), with set C = {c1,...,cm} of clauses, and
set X = {x1,...,x,} of variables. We shall define an alphabet ¥ and construct
a set of strings W in X*, such that W has a factor-free 3-partition if and only
if ¢ is satisfiable.

Let |¢;| denote the number of literals contained in the clause ¢; and let

e lc‘l be the literals of clause ¢;. We define an alphabet ¥, which includes
a letter for each literal occurrence in the clauses, three letters for each variable,

and the letters 0 and 1, as follows:
S={l; 2, e XAN1<j<3}U{&; ; € CNT1<j<|e|}U{0,1}.

Note that |X| is linear in the size of the 3SAT(3) problem ¢ (at most 3m+3n-+2).

We construct W to be the union of three sets of strings: clause strings (C),
enforcer strings (€) and forbidden strings (F) with the same function as in the
equality-free case.

Construction of forbidden strings F. To ensure that certain strings cannot be
selected in C or &, we construct a set of forbidden strings F as shown in Figure 6.
Specifically, we forbid, for every variable v, any factor of the string 230&2. The
number of strings in F is n.

Construction of clause strings C. For each clause ¢; € C, construct the i-th

215100242 — o1 el 0626208363 —
clause string to be ¢;¢; 08¢, if |¢;| = 2 and &/ ¢]0¢7¢;0¢5¢;, if |e;| = 3.

13



1 A2 AT AT D AD ~3.3 ~3 .3 ~1 42 1 42 ~353 343 ;4 o4
:’L‘vxu 1¢c 1 1 C'ZZ C; 1 TyXy 0 Xy Ty 1 Ly Ty 0 -0 x'ulfl"v 1l:’l"vxv Ouxv‘rv Cj cj 1
L

Figure 8: The enforcer strings for the three literals of variable x, used in the reduction from
3SAT(3) to FF-MSP. The two positive literals are denoted as ¢ and ég and the negative
literal as ¢;. If the negative literal is selected in C, then the enforcer string ensures neither
positive literal can also be selected in C without creating a collision (top row). Likewise, if
either or both of the positive literals are selected in C, then the negative literal cannot be
selected without creating a collision (bottom row). Forbidden factors are shown in bold.

Construction of enforcer strings £. We must now ensure that no literal of ¢
that is selected in C is the negation of another selected literal. By definition
of 3SAT(3), each variable appears exactly three times: twice positive and once
negated. Let ¢! and cg be the two positive and ¢, the negated occurrences of
variable x,. Then construct three enforcer strings for this variable as shown in
Figure 8.

Observation 2. Since every letter appears at least twice in W =CUEUF, no
selected string can be a single letter.

Lemma 3. No string or factor of a string from the forbidden set F can be
selected in C or E.

PRrOOF. Consider any string f € F. If f is split into two or three selected
strings, a single letter is selected, which is not possible. Regardless of the
construction of C and &, it follows that in any valid partition, since f is selected
in F, a factor of f cannot be selected in C nor in £. O

Lemma 4. Given that no factor of a string from the forbidden set F is selected
i CUE, at least one literal must be selected for each clause string in any factor-
free 3-partition of W.

PRrROOF. A literal letter cannot be selected alone without creating a collision.
Therefore, we say a literal ¢ is selected in clause ¢; if and only if the string
ég éz is selected in the clause string for ¢;. Whether ¢; has two or three literals,
a single letter 0 cannot be selected. A simple case analysis shows that in any
valid partition at least one literal is selected (see Figure 7). d

Lemma 5. Given that no factor of a string from the forbidden set F is selected
in CUE, any factor-free 3-partition of W must be consistent.

PROOF. Consider the three enforcer strings for some variable x, with positive
literals ¢ = ¢ = x,, and the negated literal ¢ = -z, shown in Figure 8.
Note that the red strings in the middle of the last two enforcer strings are
forbidden, and hence, no partition can have a cut point at the beginning or
the end of the red string. Note also that the factor 2222 cannot be selected,

as then 23220 or 0z323 has to be selected, which is obviously not possible.
Suppose the negative literal is selected in C. Then the only partition which can
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be selected without creating a collision selects strings containing both é7¢? and
é‘;é? as factors, thus forbidding them from being selected in C (see Figure 8 (top
partition)). Likewise, suppose one or both of the positive literals is selected in C.
Then only one partition of the first enforcer string is possible and it selects one
string containing ¢}.¢;, as a factor, thus forbidding ¢}¢;, from being selected in C
(see Figure 8 (bottom partition)). Note that while these enforcer strings ensure
literals selected in the clauses are consistent, it also ensures unwanted collisions
do not occur since selected strings containing literals are prefixed or suffixed by
a 1, a letter not used in the clause strings. Also note that the selected strings
containing the variable letters do not collide. O

This completes the reduction. Notice that the reduction is polynomial as
the combined length of the constructed set of strings W = CUE U F is at most
8m + 32n 4 3n = 8m + 35n.

Theorem 5. Factor-Free Multiple String Partition (FF-MSP) is NP-complete
for partition size K = 3.

PRrROOF. It is easy to see that FF-MSP is in NP: a nondeterministic algorithm
needs only guess a partition P where |p;| < K for all p; in P and check in
polynomial time that no string in P is a factor of another. Furthermore, it is
clear that an arbitrary instance ¢ of 3SAT(3) can be reduced to an instance of
FF-MSP, specified by a set of strings W = C U £ U F, in polynomial time and
space by the reduction detailed above.

Now suppose there is a satisfying truth assignment for ¢. Simply select one
corresponding true literal per clause in C. The construction of clause strings
guarantees that a 3-partition of the rest of each clause string is possible. Also,
since a satisfying truth assignment for ¢ cannot assign truth values to opposite
literals, then Lemma 5 guarantees that a valid partition of the enforcer strings
are possible which does not conflict with the clause strings. Therefore, there
exists a factor-free multiple string partition of W.

Likewise, consider a factor-free multiple string partition of WW. Lemma 4
ensures that at least one literal per clause is selected. Furthermore, Lemma 5
guarantees that if there is no collision, then no two selected variables in the
clauses are negations of each other. Therefore, this must correspond to a satis-
fying truth assignment for ¢ (if none of the three literals of a variable is selected
in the partition of C then this variable can have arbitrary value in the truth
assignment without affecting satisfiability of ¢). O

5.2. Factor-Free String Partition with Unbounded Alphabet

We will use the following lemma to design delimiters for the reduction from
the multiple string problem to the single string problem.

Lemma 6. A valid K -partition P of a string w having o(x)3* =283 as a factor,

where a and B are single letters other than x, must select the strings a(x)%=1,
(x)K, and (z)K-13.
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PROOF. Three strings are required to cover the factor § = a(z)*%~23. However,
more than three strings cannot be selected to cover J, as otherwise at least two
factors are selected consisting only of the letter x and must therefore collide.

There is only one partition of & covered by three factors which must select
a@)K1, (@)K, and ()18, 0

Theorem 6. Factor-Free String Partition (FF-SP) is NP-complete for parti-
tion size K = 3.

PROOF. Consider an arbitrary instance I of FF-MSP having a set of strings
W = {wy,ws,...,w,} over alphabet ¥, and maximum partition size K. We
construct an instance I’ of FF-SP as follows. Let & = {a}U{y, for 1 < i <n},
where S N = (. Set the alphabet of I’ to ¥’ = Y U S and the maximum
partition size to K’ = K. Note that |X'| = |X| + n. Finally, construct the
string w’ = wia(y1)*E2awa(y2)*E 2a. .. a(y,_1)* “2aw,. The reduction
is in polynomial time and space as |w'| =" .y [wi| +3K(n —1). By Lemma
6, the factors a(7;)*! 2 of string w’ must be partitioned as a(v;)%¥~1, ()%,
(7)% e, for 1 < i < n. Since any string containing a letter v;, 1 < i < n,
cannot be a factor of any string in W it follows immediately that w’ has a
K'-partition if and only if W has a K-partition. (]

5.8. Factor-Free Multiple String Partition with Binary Alphabet

In this section we are going to reduce the size of alphabet to 2. In order to
do that we will map all letters of the original unbounded alphabet ¥ except 0
and 1 to distinct binary strings of length ¢ (¢ has to be large enough so that we
have enough of strings), called codewords. Letters 0 and 1 will remain mapped
to 0 and 1, respectively. Consequently, K will be set to 2t + 1. We will use the
same clause strings and a simplified version of the enforcer strings found in the
unbounded case (just mapped to the binary alphabet). We will use only two
forbidden strings, 000 and 010, to force valid K-partitions to cut the clause and
enforcer strings just before or after the 0 or 1 letter. At the end, we will show
that this does not introduce any new collisions in the K-partition corresponding
to a truth assignment of the 3SAT(3) instance.

Construction of codewords. We will use the codewords of the following type
0(1)!0(1)t=37%0, where i € {2,...,t — 5}. To make sure we have enough code-
words for all literal and variable letters (at most 3m + 2n), we have to choose
t>3m—+ 2n +6.

Construction of forbidden strings. We will use only two forbidden strings F =
{000,010}. Obviously, the only factor-free partition of F is without any non-
trivial cut points. These two forbidden strings force any string containing uav
as a factor, where v and v are codewords and « is a letter, to contain exactly
one cut point around the letter a between u and v as formalized in the following
lemma.
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Lemma 7. Any valid K-partitioning of auavB and F, where u,v are code-
words, a € {0,1} and «, B are arbitrary binary strings, contains either cut point
|a] + |u| or || + |u| + 1, but not both.

PROOF. Assume we have a valid partitioning of cuavf without cut points at
positions |a| + |u| and |a| 4+ |u| + 1. Since u ends with 0 and v starts with 0,
there is a selected string containing 0a0 as a factor, which is a forbidden string,
a contradiction. O

Construction of clause strings. We will use the same clause strings as for the
unbounded alphabet:

eleloe?e?  or ¢ret0c2cR0Eied
where & are distinct codewords described above. We say that a literal ¢ is
selected if ¢! ¢! is super-selected in the K-partition.

Lemma 8. In any factor-free K-partition of C U F, at least one of the literals
in each clause is selected.

PrOOF. By Lemma 7, there is exactly one cut point around each of the 0’s
between codewords in the clause string. This means that the K-partition of the
clause string follows one of the patterns depicted in Figure 7 with the exception
that any of the selected strings depicted in the figure can be further partitioned,
i.e., they are super-selected. The claim follows. O

Construction of enforcer strings. We will use a slightly simplified version of the
enforcer strings as those used for the unbounded alphabet:

W1 221 7 a7 PP Al 52 515212029
zyaplepepl,  1éPéP1z,220  and 0z, z31¢;¢51,

where ¢ and é? are codewords for the positive literals of a variable z,, ¢} is
the codeword for the negated literal of x, and #1,%2 are codewords for the
variable letters of x,. The difference from the unbounded case is that the factor
2323023221 can be safely removed from the second and third strings without

changing the logic of the gadgets due to the property described in Lemma 7.

Observation 3. In any factor-free K -partition no super-selected string can be
a prefiz (suffix) of any other super-selected string.

Lemma 9. In any factor-free K-partition of CUE U F, the selected literals are
consistent.

PROOF. By Lemma 7, either #142 or 161 is super-selected in the first enforcer
string. Note that if 2142 is super-selected then by Observation 3, 1220 and
02122 cannot be super-selected. Hence, if either #1420 or 02122 is super-selected
then in the first enforcer string ¢;.¢1 is super-selected, and hence literal cj,
cannot be selected.
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By Lemma 7, either 1¢Fé? or #1220 is super-selected in the second enforcer
string. In the first case, by Observation 3, literal ¢! cannot be selected; in the
second case, by the above argument, literal ¢} cannot be selected. Similarly,
the last enforcer string ensures that literals c?. and ¢, cannot be selected at the
same time. ]

Theorem 7. Factor-Free Multiple String Partition (FF-MSP) is NP-complete
for the binary alphabet (L =2).

ProoF. It follows by Lemmas 8 and 9 that if there is a factor-free K-partition
of W =CUEUF, then the selected literals produce a satisfying assignment for
the 3SAT(3) instance ¢.

Now, assume that there is a satisfying assignment for ¢. Select a literal
in each clause which satisfies it and partition all clause and enforcer strings
accordingly, ensuring literals selected in the clause strings are not selected in the
enforcer strings. We will show that this K-partition P is factor-free. Obviously,
the forbidden strings 000 and 010 are not factors of any selected string. In the
clause strings, the K-partition P selects the following types of strings: Oaa, aa0
and aa, where a is a codeword. In the enforcer string it selects the following
types of strings: laa, aal, Oab, ab0, abl, ab, 0a, a0, la, al, where a, b are distinct
codewords. It follows by the proof in the unbounded case that two strings where
one is obviously a factor of the other, like aa and Oaa, are not selected at the
same time. Hence, it is enough to show that no new collisions are introduced
by mapping the original letters to the binary alphabet.

Obviously, the strings of the same length are different as all codewords are
different and the strings of different types (e.g., 0ab and ab0) would differ in the
first two or last two letters. String ab (where we can have a = b) is not a factor
of some ocd (cdo), where a # ¢, b # d are codewords and o € {0,1}, as the 00
in the middle of ab would have to exactly match 00 in the middle of oed (cdo),
which would imply ab = cd.

Finally, we will show that oa (and similarly, for ao) is not a factor of ¢d and
o’cd and cdo’, where a,c,d are codewords and o,c’ are letters, unless o = ¢’
and a = c. First, assume that ¢ = 1. Then oa contains two 101 factors with
only 1’s between them. String cd contains exactly two 101 factors but there is
a 00 factor between their occurrences in cd, and the same is true for o’cd and
cdo’ if 0/ = 0. Hence, assume that ¢’ = 1 = 0. Now, cdo’ contains a factor
10(1)701, but only at the very end, while in oa this factor is followed by at least
two letters. Hence, the only possibility is that oa is a factor of ocd. However,
pattern 10(1)T01 appears only at the beginning of ocd, and hence, oa would
have to be a prefix of ocd and then a = c.

Second, assume that ¢ = 0. Then oa starts with 00. Similar case analysis
would show that oa can only be a factor of oad, or of ca, o’ca or cac’. However,
string Oa can be only selected from the second enforcer string Oxylbbl and =
never appears in the second position of any selected string of the type cd, o’cd,
cdo’. O
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5.4. Factor-Free String Partition with Binary Alphabet

We will first design a sequence of strings which have to be selected no matter
where they appear in the string we are partitioning.

Lemma 10. Let K > 1 and for any i < K, let d; = (1)'0(1)X~1=%. Then any
factor-free K -partition of

w = uydo(1) X ditugdidy . .. dy_o2d% _sun,

where N < K/2 and wuy,...,un are arbitrary strings, selects the following
strings ()X, d;, d%, for every i =0,...,N — 2.

PROOF. Let P be a factor-free multiple K-partition of w. We will show by
induction on i that (1)%, dy,...,d; and d¥,...,dY are selected. The base case
i = 0 follows by Lemma 6. For the inductive step, assume that (1)%, do, ..., d;_;
and df,...,d} | are selected, where i < N — 2. We will show that d; and d&
are also selected. The factor d;d® of w has length 2K, hence, there is at least
one cut point inside it. Let j be the first such cut point. Obviously, j < K.
Assume that j < K. Let w, be the selected string starting at cut point j. We
will consider two cases:

Case 1. j > i+ 1. Then w, is a prefix of (1), a contradiction since (1)¥ is
already selected.

Case 2. j < 4. Then w, is a prefix of d;_j;, a contradiction since d;_; is
already selected.

Hence, the first cut point inside the factor d;d? of w is at position K. By
symmetrical argument, this is also the last such cut point. It follows that both
d; and d¥ are selected. g

Corollary 1. Let K > 1 and for any i < K, let d; = (1)'0(1)X~1=%. Consider
the string
w = uydo(1) X difugdidy . .. dy_odN_qun,

where N < K/2 and uq,...,un are arbitrary strings. If the string w has a
factor-free K -partition then the sequence of strings ui,...,un has a factor-free
multiple K -partition. On the other hand, if the sequence uy,...,uyn has a factor-

free multiple K -partition such that each selected string contains at least two 0’s
then w has a factor-free K-partition.

PROOF. The first implication follows immediately by Lemma 10. The second
implication follows by the fact that each delimiter contains only one 0; hence,
none of the selected strings in uq,...,uy can be a factor of a delimiter. O

As the immediate consequence of Theorem 7 and Corollary 1, we have the
following.

Theorem 8. Factor-free String Partition (FF-SP) is NP-complete for the bi-
nary alphabet (L = 2).
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6. Prefix&Suffix-Free String Partition Problems

In this section, we will show NP-completeness of Prefix&Suffix-Free String
Partition problems even when restricted to the constant size of the partition
(K = 3), or to the binary alphabet (L = 2).

6.1. Prefixé9Suffiz-Free (Multiple) String Partition with Unbounded Alphabet

The constructions for factor-free string partition problems with unbounded
alphabet can be applied to prefix&suffix-free partition problems with unbounded
alphabet. Since every factor-free multiple string K-partition is also a prefix&suffix-
free multiple string K-partition, it is enough to show that every prefix&suffix-
free multiple string 3-partition of the constructed strings is “close” to a factor-
free multiple string 3-partition. More precisely, we will show the following
lemma.

Lemma 11. FEvery prefixéssuffix-free multiple string 3-partition of W =CUEU
F from Section 5.1 is a refinement of some factor-free multiple string 3-partition

of W.

PRrROOF. Consider a prefix&suffix-free multiple string 3-partition P of W. First,
we will show that for every letter a € ¥\ {#%; z; € X}, a is not selected
in P. Observe that for any letter a € ¥ such that aa is a factor of one of
the constructed strings, then in P, either one selected string starts with aa, or
one selected string ends with aa, or one selected string ends with a and one
starts with a. In either case, if a is selected in this or some other constructed
string, it would be a prefix or a suffix of one of these strings. Hence, no such
a can be selected. Next, we will show that letters in {0,1} U {#}; z; € X}
cannot be selected either. Since 0 and 1 are the first and last letters in multiple
constructed enforcer strings, neither of them can be selected. Consider a letter
#1. Tt appears three times in the enforcer strings for variable z;, and it appears
as the first letter in the first enforcer string for x;. If #; is selected in the second
or the third enforcer string then it would be a prefix of the first selected string
of the first enforcer string, a contradiction. If Z} is selected in the first enforcer
string, then in the second enforcer string it has to be selected together with 1
before and 47 after, which would imply that 0 is selected, a contradiction again.
Finally, consider a letter #2. If it is selected in the first or the second enforcer
string for z;, then in the third enforcer string #1421 is selected, and hence, also
0 would have to be selected, which is not possible. Hence, the only possibility
is that 22 could be selected in the third enforcer string, which would imply that
0%} is selected in the same enforcer string in P, i.e., 02}47 is super-selected in
P.

Consider a 3-partition () which contains the same selected strings as P with
the exception that if strings 02} and #? are selected in the third enforcer string
for z; in P, then 02142 is selected in this string in Q. Hence, P is a refinement
of Q. Note that all selected strings in () have length 2 or 3. We will show that
Q is factor-free. Assume that there are selected strings v and v in @ such that u
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is a factor of v. Since u has length at least 2 and v length at most 3, u must be
a prefix or a suffix of v. By the definition of @, v and v must be super-selected
in P. Tt follows that the first (last) selected string of w in P is a prefix (suffix)
of the first (last) selected string of v in P, a contradiction. The claim follows.O]

As a consequence of this lemma and the proofs in Section 5.1, we have the
following result.

Theorem 9. PrefixédSuffiz-Free Multiple String Partition (PSF-MSP) is NP-
complete for partition size K = 3.

It is easy to see that Lemma 6 holds also for prefix&suffix-free partitions.
Since the proof of Theorem 6 relies only on this lemma, we have the following
result as well.

Theorem 10. PrefizésSuffiz-Free String Partition (PSF-SP) is NP-complete
for partition size K = 3.

6.2. PrefixésSuffiz-Free Multiple String Partition with Binary Alphabet

As in Section 5.3, we will encode all letters of the original unbounded alpha-
bet 3, except 0 and 1, with distinct binary strings of length ¢, called codewords.
Again, K will be set to 2t + 1. We will use the same clause strings and enforcer
strings (although after mapping they will be different strings). However, we will
need a substantially larger set of forbidden strings in order to force valid K-
partitions to cut the clause and enforcer strings at the boundaries of codewords.
We will also use a different set of codewords. At the end, we will show that
this does not introduce any new collisions in the K-partition corresponding to
a truth assignment of the 3SAT(3) instance.

Construction of codewords. We will use the codewords of the following type
001100, where u of length ¢t — 5 does not contain factor 00. The number of
such codewords of length ¢ is Fib(¢ —4), where Fib(¢) denotes the i-th Fibonacci
number: each codeword has to start with 001 and end with 100 and the middle
part is any binary string without factor 00. The number of 00-free strings
of length i, f(i), can be recursively, computed as follows. A 00-free string of
length ¢ either start with 0 or 1. If it starts with 1, what follows is any 00-
free string of length ¢ — 1. There are f(i — 1) of them. If it starts with 0, 1
must follow and then any other 00-free string of length ¢ — 2. Hence, f(i) =
f(E—1)+ f(i—2). And since f(0) =1 and f(1) = 2, we have f(i) = Fib(i + 2).
It is known that Fib(:) = {\% + %J, where ¢ = (1++/5)/2. Hence, picking any
t >4+ log, V5(3m + 2n — 1/2) will guarantee that there are enough distinct
strings with the above property to encode all variable and literal symbols. In the
next subsection, we will also require that ¢ > log,(N) + 6 for the construction
of delimiter strings.
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Construction of clause strings. We will use the same clause strings as for the
unbounded alphabet:

elet0e2e?  or ¢ret0c2cR0Eied
where éZ are distinct codewords described above. We say that a literal c{ is
selected if ¢l ¢! is super-selected in the K-partition.

Construction of enforcer strings. We will use the same enforcer strings as for
the unbounded alphabet:

S1A27 A7 AT 5D AP A3 30143 431 A1 A2 15274343023 23140 44
Tyaylegepl, 161,208, 4,13,2,0  and 02,213, 3,02,2,1¢j¢71,

where ¢ and é? are codewords for the positive literals of a variable z,, ¢, is

2 23

2,2y, are codewords for the

the codeword for the negated literal of z, and #1,72 2

variable letters of z,.

Construction of forbidden strings. In order for the clause and enforcer strings to
function correctly, we need to force cut points at the boundaries of codewords.
To achieve that we will include a set of strings of length K for each clause and
enforcer string. Given a string v of length 4t 4 1, the sets of proper long factors
of v, PLF(v) and PLF*(v), are defined as {factor; x4+;(uv); i =1,...,2t—1} and
{factor; gyi(u); i=1,...,t—1,t+1,...,2t — 1}, respectively.

As in the factor-free case, we have the following simple observation.

Observation 4. In any prefizédsuffiz-free K -partition, no super-selected string
can be a prefix (suffix) of any other super-selected string.

Lemma 12. Assume that u,u’,v,v" are codewords, a € {0,1} and o, 8 are ar-
bitrary binary strings. Any valid K -partitioning of cuu’avv’ 8 and PLF (uu'avv’)
selects either uu'a or avv’. Any valid K -partitioning of cuv’avv’ 8 and PLF* (uu’avv’)
selects either uu'a, v'a, u'av, av or avv'.

PROOF. Assume we have a valid partitioning of auu’avv’S. By Observation 4,
there are no cut points |«| +4 for every i = 1,...,¢6 — 1,t +1,...,2t — 1,2t +
2,...,3t,3t +2,...,4t in the second case (the set PLF*(uu/avv’)) and also for
i =t and ¢ = 3t + 1 in the first case (the set PLF(uu’avv’)). The claim follows.
O

We define the set of forbidden strings F as the union of the following sets:
e for each 2-clause ¢;, PLF(é}é1062¢2),
e for each 3-clause ¢;, PLF(é}é10¢2¢2) U PLF(é2¢2083¢3),

(2

e for each variable z,, PLF*(21221¢7¢;) U PLF(222308323).
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A1 42 4 AT AT 2D P 1 2353 0 5343 21-2 1 ~353 0 a3:3 1 A2 Al
:’L‘vxu 1¢c 1 1 C'ZZ C; 1 TyXy 0 Xy Ty 1 Ty Ty 0 -0 Ty Ty 1l:’l"vxv Ouxv‘rv 1"Cj cj 1
L

Figure 9: The two cases of super-selected strings of the enforcer strings for the three literals of
variable z, used in the reduction from 3SAT(3) to PSF-MSP with binary alphabet. Forbidden
factors are shown in bold.

It follows by Lemma 12 that any valid K-partition of C U & U F super-
selects one of the partitions of clause strings depicted in Figure 7 and one of the
partitions of enforcer strings depicted in Figure 9. Note that, for example, in the
second partition of the second enforcer string, 1¢¢é?1 is super-selected and the
construction does not force the valid partition to further split this string to 1¢”
and ¢’1, as in the case with unbounded alphabet. However, we still have that
if ¢7¢? is super-selected in the clause strings, then we have to choose the second
partition type of the enforcer strings, and that if é’¢? is not super-selected in
the clause strings, then there is a way to partition the enforcer strings by using
the first partition type without introducing collisions. As a consequence, we
have the following lemma and theorem.

Lemma 13. In any prefizésuffiz-free K-partition of C U E U F, the selected
literals are consistent.

Theorem 11. PrefizésSuffiz-Free Multiple String Partition (PSF-MSP) is NP-
complete for the binary alphabet (L = 2).

PRrROOF. Note that the construction is polynomial as the combined length of the
strings in CUE U F is O(K?%(n +m)), where K = O(log(m + n)). It follows by
Lemma 13 that if there is a prefix&suffix-free K-partition of W = CUEUF, then
the selected literals produce a satisfying assignment for the 3SAT(3) instance
¢.

Now, assume that there is a satisfying assignment for ¢. Select a literal
in each clause which satisfies it and partition all clause and enforcer strings
accordingly, ensuring literals selected in the clause strings are not selected in
the enforcer strings. We will show that this K-partition P is prefix&suffix-free.

The K-partition selects the strings of the following types:

(1) length K = 2t + 1: factor; g4;(aboed), i =0,..., K — 1,
(2) length K — 1 = 2t: ab,
(3) length t + 1: ao and oa,

where o € {0,1} and a,b,c,d are codewords, i.e., binary strings of length ¢
starting and ending with 00 and containing no other factors 00. It is enough to
show that these strings are prefix&suffix-free. Note that although ab is a prefix
of abo and a suffix of oab, and bo (ca) is a suflix (prefix) of abo (cab), they are
never selected together with any of those when partition is based on any truth
assignment to the 3SAT(3) instance.

First, we show that the strings of type (1) are not equal. For any i =
2,..., K3, string factor; x4;(abocd) contains a unique factor 00000 starting at
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position K —3—i. On the other hand, if i = 0,1, K —2, K —1, factor; x+i(abocd)
does not contain 00000 as a factor, but contains a unique factor 0000 starting
at positions t — 1,¢ — 2,t + 2,¢ + 1, respectively. Hence, if factor; x4;(aboed) =
factorj x4;(a’b'o’cd), then i = j. It follows that ¢ = ¢’ and either b = b’ or
c=c. Ifi=0o0ri¢=K —1 (strings are selected in C U £), then we also have
a = a' or d = d', respectively, i.e., the strings are the same before mapping to
binary alphabet. Assume that i = 0, K — 1, i.e., the string is from F. Since o
and the first codeword before (after) o uniquely determines the string on which
PLF was applied, we must have abocd = a'b'o’'c'd’.

Second, we show that the strings of type (2), ab, are not prefixes or suffixes
of strings of type (1), except for Oab, ab0, lab or abl. Assume that ab is a prefix
of u = factor; x4;(cdoef). Since ab starts with 001, we must have ¢ = ¢ or
t=K—2and 0 =1. If i =, then u contains a substring 00500, which is not
a substring of ab, a contradiction. If i = K — 2 and ¢ = 1, then u starts with
00100, hence ab cannot be the prefix of u. A similar argument applies if ab is a
suffix of w.

Finally, we show that the strings of type (3), ca and ao, are not prefixes
or suffixes of strings of type (1), (2) or (3), except for oab and bac. First,
assume that oa is a prefix of some other selected string u # cab. Since oa
starts with 0001, we must have u = factor; xyi(cdo’ef) and either i = ¢t — 1
and c =0ori =K —4and 0 = ¢/ = 1. In the first case, we have a = 2}
and d = a = &1, which is not possible. In the second case, u starts with 100100
which is not a prefix of oa, a contradiction. Second, assume that ao is a prefix
of some other selected string u # ao. Then either (a) u = ab or u = abo’, or
u = factor; gyi(cdo’ef) with (b) i=¢t,d=aand 0 =¢’, or (c) i = K — 3 and
o’ = 1. In case (a), we have o = 0, hence a = #2 for some v. Since no selected
word with length 2t or 2t + 1 starts with #2, this case cannot happen. Consider
case (b). If 0 = 0, then d = a = 32, and hence, o/ = 1, a contradiction. If
o = 1, then either d = a is a literal codeword or d = a = #2. In the first case,
we have o/ = 0, a contradiction. In the second case, u € PLF*(zl221é5¢r),
hence i # t, a contradiction. Finally, in case (c), u starts with 00100, hence ao
cannot be a prefix of u. The cases when ao or oga is a suffix of another selected
string can be shown to be contradictory by using similar arguments. O

6.3. PrefixésSuffiz-Free String Partition with Binary Alphabet

We will first design a sequence of strings which have to be selected no matter
where they appear in the string we are partitioning. For integers n,d > 0, b > 2,
where d > |log, n], let [n]¢ denote the b-ary representation of n using d digits.
For example, [3]3 = 0011 and [0]9 = e.

Lemma 14. Consider K > 1. For any 0 < i < 25 let d; = [i]f, i.e.,
do = (0)X, dy = (05711, dy = (0)%7210, dy = (0)5X~211, etc. Then any
prefiréisuffiz-free K-partition of

R R R
w = dO d1u1d1 dQUg e dN_ldNU,N,
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where N < 2K/2 — 1 and w,...,uy are arbitrary binary strings, selects the
following strings d¥,...,d% | and di,...,dN.

ProOOF. First, let us observe some properties of strings d;, where ¢ < N. Since
N < 2K/2 _ 1 d; starts with at least K/2 0s. In addition, for any d; and
a < K, there exists a j < ¢ such that (0)* prefix;_,(d;) = d;. We will use these
properties in the proof.

Let w = wy ... w,, be a prefix&suffix-free K-partition of w. We will show
by induction on i that dY,...,d} and di,...,d;;; are selected. For the base
case © = 0, consider the first two selected strings w; and ws. Note that
prefixy i1 (w) = (0)2K~1. If |wi| < K or |we| < K, then both wy,wy € 0%,
which is a contradiction, since one is a prefix of the other. Hence, w; = d5 and
wy = dy, i.e., d¥ and d; are both selected as required.

For the inductive step, assume that dy, ...,d} and dy, ..., d;+; are selected.
We will show that leH and d;;o are also selected. The factor dﬁ‘_lng of w
has length 2K, hence, there is at least one cut point inside it. Let j be the first
such cut point. Obviously, j < K. Assume that j < K. Let w, be the selected
string starting at cut point j. We will consider two cases:

Case 1. w, starts with (O)K/2. Then w,, is a prefix of a string v of length
K starting at cut point j. By the above properties, v = dy, for some k < i + 2.
By the induction hypothesis, dj is selected, a contradiction.

Case 2. w, contains at least one 1 in the first min(K/2, |w,|) letters. By the
above properties, j < K/2, and hence, w,, is a prefix of string suffixx_; (d} ;) (0)’
dkR for some k£ < ¢+1. This is a contradiction, since by the induction hypothesis,
dkR is selected.

Hence, we can assume that the first cut point inside the factor dlﬁld“g of w
is at position K. By symmetrical argument, this is also the last such cut point.
It follows that both df}H and d; 4o are selected.

Corollary 2. Consider integer p > 1 and K > 2(p+1). For any 0 <i < 2K,
let d; = [i)X. Consider the string

R R R
w = dO dluldl d2u2 . dN71dNuNa

where N < 2UK/21=2 _ 1 and uy,...,un are arbitrary strings. If the string w
has a prefixéssuffiz-free K-partition then the sequence of strings ui,...,uy has
a prefizédsuffiz-free K-partition. On the other hand, if the sequence uy,...,uy
has a prefitésuffiz-free K -partition such that each selected string has length at
least | K/2] and does not contain a substring (0)P then w has a prefirésuffiz-free
K -partition.

PROOF. The first implication follows immediately by Lemma 14. For the second
implication it is enough to show that no selected string s of some wu; is a prefix or
suffix of some d; (df‘), j < N. Note that since N < 2LK/21=P 1 every d; (d?)
contains a substring (0)[%/21+P_ Since the length of u; is at least | K/2], it must
contain at least [K/2] +p+ |K/2] — K = p consecutive zeros, a contradiction.
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Since no selected string in the construction from Theorem 11 contains a
substring (0)°, if we choose ¢ > log,(NN) + 6, we have the following consequence
of Theorem 11 and Corollary 2.

Theorem 12. PrefizéSSuffiz-free String Partition (PSF-SP) is NP-complete
for the binary alphabet (L =2).

Note that this construction is polynomial as the length of the constructed
string is O(K|W)| + ||W||), where W is the instance for multiple string version
of the problem.

7. Prefix/Suffix-Free String Partition Problems

In this section, we will show NP-completeness of Prefix&Suffix-Free String
Partition problems even when restricted to the constant size of the partition
(K = 2), or to the binary alphabet (L = 2). All proofs presented in this section
are for the Prefix-Free String Partition problems. The results for the Suffix-Free
String Partition problems follow by symmetry.

7.1. Prefix/Suffix-Free Multiple String Partition with Unbounded Alphabet

Similar to the equality-free and factor-free cases, we will show a polynomial
reduction from an arbitrary instance of 3SAT(3).

Let ¢ be an instance of 3SAT(3), with set C = {c1,...,¢n} of clauses, and
set X = {x1,...,x,} of variables. We shall define an alphabet ¥ and construct
a set of strings VW in X*, such that W has a prefix-free 2-partition if and only if
¢ is satisfiable.

Let |c;| denote the number of literals contained in the clause ¢; and let
ek, .. .,cl.c"l be the literals of clause ¢;. We construct an alphabet ¥, which
includes four letters for each variable, a letter for each literal occurrence in the

clauses and the letter $ as folows:
S={#; 5, e XAN1<j<4U{&; ;e CN1<j<|a|}U{$}.

Note that |X] is linear in the size of the 3SAT(3) problem ¢ (at most 4n+3m-+1).

We construct W to be the union of three sets of strings: clause strings (C),
enforcer strings (£) and forbidden strings (F) with the same function as in the
equality-free and factor-free cases.

Construction of forbidden strings. The forbidden set, F, consists of the single
string $8. Without loss of generality, we refer to this as the forbidden string.

Lemma 15. No factor of the forbidden string can be selected in C nor in &.

PRrROOF. No proper factor of the forbidden string can be selected without cre-
ating a collision. Therefore, the entire string must be selected. Regardless of
the construction of C and &, it follows that in any valid partition, since $$ is
selected in F, a factor of it cannot be selected in C nor in £. O
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Figure 10: The 2-literal clause gadget (left) and 3-literal clause gadget (right) used in the
reduction from 3SAT(3) to PF-MSP. Shown below each gadget are all valid partitions. Selected
literals of a partition are shown in black.

~1 AP AT ~2 ~q AT ~4
Ty & Ck Ty Ty Cj Ck Ly

Figure 11: The pair of enforcer strings for a variable z, used in the reduction from 3SAT(3)
to PF-MSP. The two positive literals for variable x, are denoted as éf and é? and the negative
literal as ¢} .

Construction of clause strings. For each clause ¢; € C, construct the i-th clause
string to be ¢1$¢2, if |¢;| = 2 and ¢1$¢2$é3, if |e;| = 3.

Lemma 16. Given that no factor of the forbidden string is selected in C U €&,
exactly one literal must be selected for each clause string in any prefiz-free 2-
partition of W.

PRrROOF. We say a literal CZ is selected in clause ¢; if and only if the string 6'1’
is selected in the clause string for ¢;. Whether ¢; has two or three literals, the
forbidden string $ cannot be selected alone. A simple case analysis shows that
in any valid partition exactly one literal is selected (see Figure 10). O

Construction of enforcer strings. We must now ensure that no literal of ¢ that is
selected in C is the negation of another selected literal. By definition of 3SAT(3),
each variable appears exactly three times: twice positive and once negated. Let
¢} and cf be the two positive and ¢}, the negated occurrences of a variable .
Then construct two enforcer strings for this variable as shown in Figure 11.

Lemma 17. Given that no factor of the forbidden string is selected in C U E,
any prefix-free 2-partition of W must be consistent.

PRrROOF. Consider the two enforcer strings for variable z, with positive literals
¢} = ¢} = x,, and the negated literal cj, = -2, shown in Figure 11.

Suppose the negative literal is selected in C. Then the only partition which
can be selected without creating a collision selects strings containing both ¢
and ég- as a prefix, thus forbidding them from being selected in C (see Figure 11
(top row)).

Likewise, if one or both of the positive literals is selected in C then in any
collision-free 2-partition a string is selected containing ¢j, as a prefix, thus for-
bidding the negative literal from being selected in C (see Figure 11 (bottom
row)). O
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This completes the reduction. Notice that the reduction is linear as the
combined length of the constructed set of strings W = C U £ U F is at most
om 4+ 8n + 2.

Theorem 13. Prefiz(Suffix)-Free Multiple String Partition (PF-MSP) is NP-
complete for partition size K = 2.

PrROOF. It is easy to see that PF-MSP is in NP: a nondeterministic algorithm
needs only guess a partition P where |p;| < K for all p; in P and check in
polynomial time that no string in P is a prefix of another. Furthermore, it is
clear that an arbitrary instance ¢ of 3SAT(3) can be reduced to an instance of
PF-MSP, specified by a set of strings W = C U £ U F, in polynomial time and
space by the reduction detailed above.

Now suppose there is a satisfying truth assignment for ¢. Simply select one
corresponding true literal per clause in C. The construction of clause strings
guarantees that a 2-partition of the rest of each clause string is possible. Also,
since a satisfying truth assignment for ¢ cannot assign truth values to opposite
literals, then Lemma 17 guarantees that a valid partition of the enforcer strings
are possible. Therefore, there exists a prefix-free multiple string partition of W.

Likewise, consider a prefix-free multiple string partition of WW. Lemma 16
ensures that exactly one literal per clause is selected. Furthermore, Lemma
17 guarantees that if there is no collision, then no two selected variables in
the clauses are negations of each other. Therefore, this must correspond to a
satisfying truth assignment for ¢ (if none of the three literals of a variable is
selected in the partition of C then this variable can have an arbitrary value in
the truth assignment without affecting satisfiability of ¢). O

7.2. Prefiz/Suffix-Free String Partition with Unbounded Alphabet

To show the single string restriction of this problem is NP-complete, we
design the same delimiter strings as specified in the factor-free construction.
The result follows immediately by Theorem 13 and Lemma 6.

Theorem 14. Prefiz(Suffiz)-Free String Partition (PF-SP) is NP-complete for
partition size K = 2.

7.3. Prefix/Suffiz-Free Multiple String Partition with Binary Alphabet

In this section we start with the same construction as the multiple string
unbounded alphabet case to form a set of strings W, but show how the letters
can be encoded into binary. We map the $ letter to 1 and map all other letters
of the original unbounded alphabet ¥ to distinct binary strings of length ¢,
called codewords. Consequently, K will be set to 2¢t. We will establish that
no codeword can properly contain a cut point. Furthermore, by design, no
codeword is a prefix of another. Since the mapping to binary does not introduce
new collisions, and since codewords cannot be cut in the middle, the correctness
of the construction will follow from the results on the unbounded case.
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Construction of codewords. We use codewords of the form 00(1)!0(1)!~%~%0,
where i € {2,...,t—6}. To ensure we have enough codewords for all literal and
variable letters (at most 3m + 4n), we have to choose ¢ > 3m + 4n + 7.

Construction of forbidden string. We will use the following set of forbidden
strings: {11, 01, 101, 0001, 10001}. Considering only the forbidden set, a sim-
ple case analysis shows that each forbidden string must be entirely selected,
otherwise a collision occurs. This set of forbidden strings ensures that no code-
word can be cut in the middle.

Lemma 18. Given that no strings selected in CUE have a forbidden prefix, any
prefiz-free K -partition of VW must not contain a cut point within a codeword.

PRrROOF. Recall that codewords are of length ¢t and that all length two bi-
nary strings are prefixes of a forbidden string and therefore cannot be se-
lected. Let us consider any cut point beginning within an arbitrary codeword
w. For any proper suffix of w longer than two, it contains a prefix in the set
{011,111,101,110}. Each of these contains a forbidden string as a prefix and
therefore a cut point in w cannot begin prior to positions 2,3,...,t — 2. We
must now show that a cut point cannot begin prior to position ¢t — 1 or prior to
position t. Recall that by construction, w is followed by either another code-
word, the letter 1, or the empty string. If the empty string, it is not possible to
a have a cut point in the position prior to ¢t —1 or ¢ since a string will be selected
that has length less than 3 and will therefore be a prefix of a forbidden string.
If w is followed by the letter 1 a cut point prior to ¢t — 1 or ¢ will have a prefix
in the set {101,01}, both of which are forbidden strings. Finally consider the
case that w is followed by another codeword and recall that all codewords begin
with 001. If a cut point occurs prior to position ¢ — 1, and the selected string
beginning at that position has length at least five, then it will contain 10001
as a prefix which is a forbidden string; any shorter selection will be a prefix of
the forbidden string 10001. If a cut point occurs prior to position ¢ and the
selected string has length at least four, it will contain 0001 as a prefix which is
a forbidden string; any shorter selection will be a prefix of the forbidden string
0001. O

The above lemma ensures no codeword is divisible. The result is that the
binary encoded instance I’ of an unbounded alphabet instance I can be par-
titioned exactly in the same relative positions as the original instance. Since
each codeword cannot be a prefix of another by design, then correctness of the
binary case immediately follows.

Theorem 15. Prefiz(Suffix)-Free Multiple String Partition (PF-MSP) is NP-
complete for binary alphabet (L = 2).

7.4. Prefiz/Suffiz-Free String Partition with Binary Alphabet

Similar to the factor-free case, we will design delimiters to join the set W
of the multiple string case, into one string, without changing the possibilities
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for partitioning the original set of strings and without introducing new types of
collisions. Specifically, we will create a new string instance I = W F where W
is a string that concatenates all strings in W, expect from the forbidden set F,
using delimiters we describe below. The string F' has a special construction to
ensure the strings from the forbidden set must be selected in F' for any collision-
free partition of I. Thus, the new instance I will have a collision-free partition
if and only if W does.

Construction of delimiters. We design delimiters similar to the codewords of
Section 7.3 that instead have length K. Specifically, they are of the form
00(1)'0(1)K=4=%0, where i € {2,..., K — 6}.

Lemma 19. Given that no strings selected in W have a forbidden prefix, any
prefiz-free K -partition of W must select all delimiters. Furthermore, the delim-
iters do not collide with any valid selection of the original strings from the set

W.

Proor. By Lemma 18 the delimiters, which are simply longer codewords, can-
not contain a cut point in a middle position. Since they are of the maximum
string length, K, they must be entirely selected in W. As a consequence of
Lemma 18, in any valid partition of the set W, the selected strings are either:
(i) single codewords, (ii) a codeword prefixed by a 1, (iii) a codeword suffixed
by a 1, or (iv) two adjacent codewords. Since each case is no longer than a
delimiter, it is sufficient to show that none could be a prefix of a delimiter. In
all four cases, none could be a prefix as the selected string would contain at
least four Os in the first K/2+ 1 positions, whereas a delimiter contains at most
three. O

Construction of forbidden string. We now construct the string F' = FyF3F5F].
The string is constructed in a meticulous manner to ensure that each sub-
part must select forbidden strings from a different partition of the forbidden
set F. In particular, F; = 1(0)3% 72111 and it forces 11 to be selected; Fy =
001(0)%—3(0)X~21110100(1)%~201 and it forces 101 and 01 to be selected; F3 =
00(1)%=3010001 and it forces 10001 to be selected; and F; = 00(1)*~4010001
and it forces 0001 to be selected.

Lemma 20. In any prefiz-free partition of F' the set of forbidden strings must
be selected. Furthermore, there exists a prefix-free partition of F that does not
collide with a valid partition of W assuming that W does not contain a forbidden

prefix.

PROOF. At a high level, each sub-part of F' is constructed to ensure that one
or more forbidden strings are selected, and the remainder of the sub-part con-
sists of K length sub-strings that must be entirely selected. Furthermore, the
construction of F' ensures there is always a cut point between sub-parts and
sub-part F; is constructed with the knowledge of strings forbidden in Fj;, for all
i<j.
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Consider sub-part Fj. It contains the 3K-length substring o = 1(0)3%-21.
At least three strings must be selected to cover a. However, it cannot be more
than three as otherwise at least two contain only O letters and therefore one
must be a prefix of another. The only cover for o consisting of three strings
must select 1(0)%X~1, (0)X, and (0)%~11, regardless of the sub-strings preceding
or succeeding «. Since 1 cannot be selected alone (without being a prefix of
1(0)X~1) the string 11 must be selected. As a consequence, for any substring
(1)" of F (“run of ones”), there cannot be a cut point before any of the first
© — 1 letters of this substring.

Second, consider sub-part F,. Position 2 of F; is not a cut point, otherwise
the selected string starting at this cut point would be a prefix of 1(0)%~1.
Similarly, 3,..., K — 1 are not cut points either. It follows that either K or
K 4+ 1 is a cut point. We will show that the second is not possible. Assume
there is a cut point at position K + 1. Then the selected string ending at this
position is 01(0)%~2. At the end of I, by the “run of ones” argument, positions
2K +5,...,3K +1 are not cut points. Clearly, 3K +4 is not a cut point either.
And since 01(0)% =2 is selected, 3K + 3 is not a cut point as well. It follows that
there is a cut point 3K + 2, and hence, 101 is selected. Consider the selected
string starting at cut point K +1. Since it cannot consist of zeros only, it cannot
end at positions K +2,...,2K — 2. By the “runs of ones” argument, it cannot
end at position 2K — 1, and since 101 is selected at the end of Fy, neither at
position 2K. Therefore, it has to end at position 2K + 1, i.e., it is (0)X~3111.
Consider the selected string starting at cut point 2K + 1. It cannot end at
positions 2K + 2,2K + 3,2K + 4, otherwise it would be a prefix of selected
string 01(0)%—2. However, since positions 2K +5,...,3K +1 are not cut points
(as argued above), it would have to be longer than K, a contradiction. It follows
that K is a cut point. Using the same arguments as above, the selected string
at position K has to end at position 2K, i.e., it is (0)%X211. The selected
string at position 2K starts with 101, hence, position 3K + 2 cannot be a cut
point. It follows that 3k + 3 is a cut point and 01 is selected. That implies that
the selected string ending at cut point 3K + 3 must start at 2K + 3, i.e., this
selected string is 00(1)% 2, and similarly, the selected string ending at K must
start at position 0 of Fy, i.e., 001(0)% =3 is selected. It follows that 101, between
positions 2K and 2K + 3, is selected as well. Hence, F5 in F' is partitioned as
001(0)%=3, (0)%—211, 101, 00(1)%~2, 01, thus forbidding 101 and 01.

For Fj, since 101 and 11 are already forbidden, there cannot be a cut point
prior to any 1 within the left-most run of 1s. Since 01 is forbidden, there cannot
be a cut point in the second position, nor immediately after the left-most run of
Is. Tt follows that 00(1)%~2 must be entirely selected, regardless of the string
preceding F3. The remaining string 10001 must be entirely selected, otherwise
it would conflict with 101 or 01. Similarly, the partitioning of Fj ensures that
00(1)*=%01 and 0001 must be selected.

Note that all strings selected in F' that are not in the forbidden set have
length K. Thus, to show no new collisions have been introduced, it is sufficient
to show that no string selected in a valid partition of W, that does not contain
a forbidden prefix, cannot be a prefix of one of these strings. As noted earlier,
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every selected string in a valid partition of W contains at least one codeword as
a sub-string. Each codeword contains three runs of Os; however, each K-length
selected string in F' contains no more than two runs of Os. O

By our straightforward polynomial time and space reduction of a binary
PF-MSP instance into a binary PF-SP instance and by Lemmas 19 and 20 and
Theorem 15 we have the following result.

Theorem 16. Prefix(Suffiz)-Free String Partition (PF-SP) is NP-complete for
binary alphabet (L = 2).

8. On Dichotomy

In all four cases, equality-free, factor-free, prefix&suffix-free and prefix/suffix-
free, we have shown that the string partition problem is NP-complete for the
binary alphabet. Obviously, it remains NP-complete for any alphabet of size
greater or equal to two. On the other hand, the string partition problems become
easy for the unary alphabet; a partition exists if and only if the string being par-
titioned is shorter or equal to a certain threshold: 1+2+.--+ K = K(K +1)/2
(in the equality-free case) and K (in all other cases). The first threshold follows
from the fact that n can be written as the sum of distinct integers between 1 and
K if and only if n < K(K+1)/2. The second threshold follows because only one
string can be selected without introducing a conflict. For the multiple string par-
tition problem with unary alphabet, in all cases other than the equality-free one,
the problem is still trivial: there is a partition only if W = {w} and |w| < K.
In the equality-free case we must have |W|| < K(K +1)/2 if a partition exists.
However, this is not a sufficient condition. For example, W = {aa, aa, aa} with
K = 3 satisfies this condition, and yet there is no equality-free multiple string
partition. It remains open whether the problem is solvable in polytime in this
case.

It is also easy to check that in all cases, the problem becomes trivial if the
maximal size of partition K = 1: the partition exists if every letter appears
exactly once in the partitioned string(s). We have shown that the partition
problems are NP-complete in the equality-free and prefix/suffix-free cases if
K = 2 and in the factor-free and prefix&suffix-free cases if K = 3. We conjecture
that problems remain NP-complete for higher values of K, although we do not
see a simple extension of our proofs which could show that. On the other hand,
in the factor-free and prefix&suffix-free cases, the problem becomes polytime
solvable if K = 2.

Theorem 17. Factor-Free (PrefizédSuffiz-Free) Multiple String Partition is in
P for partition size K = 2.

Proor. First, note that two strings s and s’, with length at most two, are
factor-free if and only if they are prefix&suffix-free, i.e., it is enough to con-
sider one of these two problems. Without loss of generality, we will consider
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PS-MSP. Second, observe that if a letter b appears at least twice in W, then
a valid partition cannot select b by itself as it would be a prefix or a suffix of
any other selected string that contains another occurrence of b, i.e., each occur-
rence of b has to be selected together with the preceding or succeeding letter.
Partition the alphabet ¥ into two subsets 31 and Yo, where ¥ contains only
the letters that appear once in W and Yo the letters that appear at least twice.
Consider string w € W. Divide w into parts separated by letters from 3:
W = W1G1W20a3 . . . GWi11, Where ay,...,a; € ¥y and wy,...,wi4q1 € 5. Con-
sider the part w; = b1 ...b,,|, where by, ..., bp,,| € X2. In any valid partition of
W, there are exactly two ways that w; could be partitioned. If |w;| is odd, the
selected strings containing letters of w; are either a;by, babs, . .., by, |—1bjw,| OF
biba, ..., bjuw,|—20jw;|—15 b, @it 1. If Jwy] is even, the selected strings are either
aibl, bgbg, ey b|wi|,2b|wi|,1, b|wi|ai+1 or blbg, ce ,b|wi|,1b‘wi‘. To find a valid
partition of W it is enough to determine which option to choose for every w;
of each w € W so that (a) no bb' € 2 is selected twice and (b) no a; is in-
cluded simultaneously in two selected strings. To do this we will construct an
instance of 2SAT which has a solution if and only if there is a collection of
choices for all w;’s that satisfies (a) and (b). Create a variable z,,, for every
w; of each w € W. The “false” value of x,,, will represent the partition of wj
in which a;b; is selected. Note that if w; = € or if i = 1, the value of variable
Ty, 1s always “true”. Similarly, if ¢ = ¢t + 1 and |w;| > 0, the value of z,,
is always “false” if |w;| is odd, and is always “true” otherwise. We will en-
code condition (a) using 2-clauses on these variables. If |w;] is odd, let F(w;) =
{bgbg, R b|wi|,1b|wi|} and T(wz) = {blbg, R b|wi|,2b|wi|,1}. If |wl| is even, let
F(’LUZ) = {bgbg, ceey b‘wi‘_2b|wi|_1} and T(w,’) = {blbz, ey b|wi|_1b‘wi‘}. Assume
w,w" € W and let w = wiaiwaay ... w1 and w' = wiajwsay . .. apwy g,
where a;, a; € ¥1 and w;, w; € ¥3. If F(w;) N F(w}) # 0, then a valid partition
of W cannot partition both w; and w using their first (“false”) choices. We
can represent this with a 2-clause x,,, V Loy, Similarly, non-empty intersec-
tions F'(w;) NT(w}), T'(w;) NV F(w}) and T'(w;) NT(w}) can be represented with
2-clauses x, V Ty, T, V T and -z, V T respectively. To express
condition (b), it is enough to guarantee that a; is not simultaneously selected
in the partition of w;_; and w;. Note that a; is not selected in the partition
of w;_1 if and only if either (i) |w;_1| is odd and z,,, , is “false”, or (ii) |w;—_1|
is even and x,,,_, is “true”. Also, a; is not selected in the partition of w; if
and only if z,,, is “true”. Hence, condition (b) can be expressed with 2-clause
L,y V Ty, if |w;—1| is odd and 2-clause xy,,_, V @, if |w;—1| is even, for every
i=2,...,t+1and w € W. Since 2SAT is solvable in linear time [21], we can
decide whether there is a partition of VW in polynomial time.

9. Conclusion

We have established the complexity of the following fundamental question:
given a string w over an alphabet ¥ and an integer K, can w be partitioned
into factors no longer than K such that no two collide? We have shown this
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problem is NP-complete for versions requiring that no string in the partition
is a copy/factor/prefix or suffix/prefix/suffix of another. We also considered
generalized versions of these problems that must partition a set of input strings.
Furthermore, we have shown the problems remain hard even for binary strings.
This resolves a number of open questions from previous work [18] and estab-
lishes the theoretical hardness of a practical problem in contemporary synthetic
biology, specifically, the oligo design for the gene synthesis problem.
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